INTRODUCTION
The computation of the Lie algebra homology of matrices due to Loday and Quillen [LQ] and independently Tsygan [T] establishes an isomorphism of graded commutative Hopf algebras (*) where H; (_) denotes the Lie algebra homology, HC*(_) cyclic homology, and A is an algebra with unit over a field of characteristic zero. In this paper we give an alternative proof of this theorem which does not involve Weyl's invariant theory for GL (C) . We use this approach to compute Chevalley-Eilenberg homology in some interesting new cases. In Section 1, we begin by proving (in characteristic 0) a Leday-QuillenTsygan theorem for complexes which occur as subcomplexes D* of the Chevalley-Eilenberg complex /\ * gl(A); the conditions we require of D * are minimal. In particular, D * need not be closed under the conjugation action of GL(Q), but only W(Q) = monomial matrices with entries in Q.
Under the condition that this action is the identity map on homology, together with 3 other basic conditions (P1-P4, section 1) we show that there is an isomorphism of graded commutative Hopf algebras on (A * Sf)C; when (A * Sf)/W is a graded commutative Hopf algebra we conclude (****)
where (A* Sf)PC is the linear span in A * Sf of the primitive cyclic basis elements of A * Sf. The complex (A * Sf)Pc/W is the complex which plays the same role for H; (Sf) as the cyclic complex C*_I (A) does for
H;(gl(A)),
and (****) is the analogue for Sf of the Loday-QuillenTsygan Theorem. Finally in Section 2.5 we briefly discuss which results carryover to Leibniz algebra homology. Basically everything works as before, the one exception being the construction of the torsion classes [x(m, p) ]. It is not clear at this point whether analogues of these classes exist in Leibniz algebra homology.
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LIE ALGEBRA HOMOLOGY OF MATRICES (REVISITED)

A Loday-Quillen-Tsygan Theorem for Subcomplexes
Throughout this paper, k will be a field. For a Lie algebra Sf over k and a left Sf-module V, we recall that the Chevalley-Eilenberg complex A * (Sf; V) is the complex which in degree n is A" (Sf; V) = (An Sf) ® V, When V = k is the trivial representation, we denote A * (Sf; k) by A * (Sf) . The Lie algebra homology of Sf with coefficients in V over k can be computed as the homology of (A * (Sf; V), d~) (c.f. [CE, K] ). This homology will be denoted by HL(Sf; V) .
We will restrict ourselves in this section to the case Sf=gln(A) the Lie algebra of n x n matrices with entries in A, where A is an associative algebra with unit over k, and V = k. mij(a) will denote the matrix with (i, j)-entry equal to a, all other entries being zero. We will call a basis of /\ * (gln(A)) standard if it is the extension of a basis of gln(A) of the form {mij (xJL"'i,j",n, where {xc<} is a basis of A over k.
be a standard basis element of /\ p (gln(A)). The support of x, denoted Supp(x) is the set Supp(x) = {i 1 3 k with i= ik or i=jd.
We also define numbers
The excess of x with respect to i is the difference A basis element x is non-cyclic if there exists an i with E i (x);6 O. DEFINITION 1.1.5. Define /\ * (gln(A))C to be the subspace of /\ * (gln(A)) generated by cyclic basis elements, and /\ * (gln(A))NC to be the subspace generated by non-cyclic basis elements. 
is a quasi-isomorphism (i.e., induces an isomorphism on homology).
Proof
The adjoint action of the element m;;(1)E(gln(k)) (i an integer between 1 and n) preserves the decomposition of (1. Let x be a standard basis element XI /\ ... /\ X n , S an ordered subset of
P2. The conjugation action of W(Q) (infinite monomial matrices with entries in Q) on /\ * (gl(A» restricts to D * to give an action which is trivial on H*(D*).
P3. D* is closed under the product induced by block-sum on gl(A).
P4. D* is a sub-eo-algebra of f\ * (gl(A)) under
A (cf (l.1.C) below).
Then H*(D*)~S*(H*_I(C(D*))), where C(D*) is the image of
a=(1,2, ...,n); if S=(il, ...,i.), let x(S)=X i1 /\ ... /\Xis' Then A(x) is given by the formula (c.f. [MMJ) A(x)=
L (_l)sgn(O"(S))x(S)®x(SC),
where SC denotes the ordered complement of S in a and O"{S) is the permutation which sends n to SliSc. According to P4, A restricts to a coproduct on D*. If X is a standard basis element of (f\
as one sees from (1.1.C). It follows that on the quotient complex 15*, A induces a coproduct 3: 15* -...15* ® 15*. This coproduct descends to 15/1:"".
On the other hand Dz c /1: oo is an ideal in D */1: co with respect to the product structure induced by block sum. This product on D */1: co induces an associative product on 15* /1:",,; together with the previously defined coproduct structure, 15*/1:"" is a graded commutative Hopf algebra. Now consider a cyclic basis element XED;;. The component
where the sum is over all standard basis elements XfXEDf, xpED;;_k (O~k~n) such that X=XfX /\ xp. It follows that the image x of X in the Hopf algebra 15*/1:00 is primitive if and only if x is primitive cyclic (in the sense of definition 1.1.4).
Let 15* cD * /Eco denote the linear span of such elements. We claim that 15* is the subcomplex of primitives (or said another way, that any primitive element is a linear combination of primitive cyclic basis elements). For suppose that x = LiE TAiXi is a sum of (scalar multiples of) linearly independent basis elements Xi which is primitive. We assume without loss of generality that the sum is minimal, in the sense that there is no partition {TJ' T 2 } of the indexing set T with LiE T AiXi primitive for both j = 1 and 2. The -) coproduct for D on a standard basis element y satisfies the following property: [G1, G2]).
The Characteristic p and Integral Cases
Let p be a non-zero prime, m a positive integer. Let 
the number
Then it is easy to see that This corollary illustrates the failure of Theorem 1.1.12 when char. k #-0. The Chevalley-Eilenberg complex computes the Lie algebra homology over a commutative ring R for Lie algebras !f which are free as R-modules, The decomposition in (1.1.6) applies here; in particular it applies when
R=Z and !f=glq(Z).
The element x(m,p) as defined in (l.3.1) lifts to a cycle in 1\2m p -j (glq(Z)). Thus we have 
On (l\*glq(Z))NC(a) (IX=(IXj,IX 2 , ...,IXq)EZ q ),
we still have ad(m ii (1)) acting as multiplication by IX i for each i. Hence multiplication by c on
H;((l\glq(Z))NC(a))
is zero where c=g. 
This map is zero on d(1\2m p (glq(Z))),
and -1 on x(m,p 
HOMOLOGY OF MORE GENERAL LIE ALGEBRAS
Lie Algebra Homology of sl(A) and st(A)
Recall that for n > 1 sln(A) is the commutator [gln(A) (ab) for A, u e k;
The commutator [uij(a), uji(b) ] is denoted by hij(a, b and define the excess of x with respect to i as
The functions Ej;(_), E 2 ;(_) are compatible under the maps stn(A) --H sln(A) and sln(A)>-+gln(A).
As with gln(A), we may define for an n-tuple (X E 7L n subspaces (2. 
On the other hand, from the definition of Ei(x) one has the additional relation L7~1 Ei(x) = 0. As char. k = 0, the fact that ad (hij(1, 1) ) acts trivially on homology for all 1 :::;; i, i« n; i =1= j implies /\ * (sln(A) 
(2.1.9)
Therefore above dimension 1, (/\ * sl(A))Pc/Aco is isomorphic under the cyclic trace to the subcomplex C~)(A) defined as the kernel of the augmentation map
C*(A) ....;.. HCo(A).
We have H*(C~ll(A)) = HC~)(A). Together with
H~(sl(A))
= 0
= HC1(A) ,,(A) ) by conjugation when A is an algebra over C. This action is trivial on homology because its derivative is the zero map (c.f. remark 1.1.9). From this we may conclude that the conjugation action of Aco on /\ * (st(A)) induces the identity map in homology for algebras A over k.
We may proceed as before, identifying H;,(st(A)) with the graded symmetric algebra on the primitives, which are computed as the homology of (2.1.11)
Above dimension 1 a basis element in this complex is of the form
(2.1.12)
We have H *(st(A)) = 0 for * = 1, 2. Above dimension 2, the cyclic trace defines an isomorphism of complexes between (2. 1. 11) and (iii) The methods of this section also generalize to central extensions of sl(A) which fit into the diagram
Then there is an isomorphism of graded commutative Hopf algebras
H;(e(A))~S*(V~(A)).
Block-Triangular Matrices
Let tn(A) denote the Lie subalgebra of gln (A) generated by {mij(a) I aEA, i~j}. (C(n) *) may be used to construct a spectral sequence converging to the relative homology H*(C(n+ 1)*, C(n)*). These types of stabilization theorems also apply to subcomplexes which satisfy some obvious (but mild) conditions.
Homology of Lie Algebras with Cartan-Serre Presentation
We assume give a Lie algebra 2 over C together with a Cartan-Serre basis (c.f. [M, p. 260] [h~, ep] 
where {a"p} is the Cartan matrix. For a finite set of generators (corresponding to a finite set of simple roots) and a Cart an matrix of finite type, the resulting Lie algebra is finite-dimensional and semi-simple. Moreover, the above constitues a complete set of relations and any finite dimensional semi-simple Lie algebra over C admits such a presentation. The Lie algebra homology of 2 in this case is well-known, and determined completely in terms of the roots and weights of 2 .. Given 2 as above, we consider ad (h,,) acting on a basis element x = Xl /\ ... /\ XI! E /\ I! (2), where Xi is a basis element of 2 for each i. From the above relations we get The decomposition of (1.1.6) now has an obvious analogy. The adjoint action of the Cartan subalgebra H of L (generated by the hJ decomposes /\ * 2 as a complex into eigen-spaces: /\ * 2.'~(/\ * 2)(0) EEl EB (/\*2)(").
CXE T ",,<0
(2.4.1 ) (/\ * 2)(0) is the intersection of the null-spaces, which corresponds to the cyclic complex, and the second sum is over all non-zero roots o: in the root lattice of the eigen-space corresponding to a. The adjoint action of H is trivial on H;(2), and so as we are in characteristic zero we have a quasi-isomorphism (/\*2) (0) 
. Under this hypothesis, there is an isomorphism
The proof follows as in Section 1. The complex here that plays the role of Connes' cyclic complex is (/\ * 2)pc/W.
Leibniz Algebra Homology
A is called a Leibniz algebra over k if it admits a k-bilinear pairing We then have (for char. k = 0) THEOREM 2.5.l.
These are isomorphism of graded Hopf algebras H;e(sl(A))~T*(HH~t~t(A)) H;e(st(A))~T*(HH~2~t(A)).
In fact, the only results that doesn't seem to have an analogue in Leibniz algebra homology are the constructions of the torsion classes given in (1.3.2)-( 1.3.4 ).
